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Preface  
This report has been produced by the UK Energy Research Centreôs Technology and 

Policy Assessment (TPA) function.  

The TPA was set up to address key controversies in the energy field thro ugh 

comprehensive assessments of the current state of knowledge. It aims to provide 

authoritative reports that set high standards for rigour and transparency, while 

explaining results in a way that is useful to policymakers.  

This report  forms part of the TPAôs assessment of evidence for near - term physical 

constraints on global oil supply . The subject of this assessment was chosen after 

consultation with energy sector stakeholders and upon the recommendation of the 

TPA Advisory Group, which  is comprised of independent experts from government, 

academia and the private sector. The assessment addresses the following question:  

What evidence is there to support the proposition that the global supply of 

óconventional oilô will be constrained by physical depletion before 2030?  

The results of the project are summarised in a Main Report , supported by the 

following Technical Reports :  

1.  Data sources and issues  

2.  Definition and interpretation of reserve estimates  

3.  Nature and importance of reserve growth  

4.  Decline rates and depl etion rates  

5.  Methods for estimating ultimately recoverable resources  

6.  Methods for forecasting future oil supply  

7.  Comparison of global supply forecasts  

The assessment was led by the Sussex Energy Group (SEG) at the University of 

Sussex, with contributions fro m  the Centre for Energy Policy and Technology at  

Imperial College, the Energy and Resources Group at the University of California 

(Berkeley) and a number of independent consultants . The assessment was overseen 

by a panel of experts and is  very wide ranging , reviewing more than 500 studies and 

reports from around the world.  

Technical Report 6:  Methods of forecasting future oil supply is authored by Adam 

Brandt of the Energy and Resources Group at UC Berk eley . It describes the different 

methodologies availabl e for forecasting oil supply, identif ies their key assumptions  

and sensitivities and assesses their strengths and weaknesses. It highlights a 

convergence in the literature and draws conclusions regarding the predictive value of 

such models and the confiden ce that may be placed in the forecasts obtained.   
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Executive Summary 
 

For over a century, oil depletion has repeatedly surfaced as an issue of concern. The 

mathematical methods used to understand oil depletion and to predict future oil 

production have become more sophisticated over time: poorly-quantified concern over 

future oil resources in the early 20
th
 century has given way to sophisticated simulations of 

oil discovery and extraction. This systematic review assesses the insight offered by these 

methodologies and critically evaluates their usefulness in projecting future oil production. 

It focuses on models that project future rates of oil production, and does not address the 

modeling or estimation of oil resources (e.g., ultimately recoverable resources, or URR). 

 

Models reviewed include the Hubbert methodology, other curve-fitting methods, 

simulations of resource discovery and extraction, detailed ñbottom-upò models, and 

theoretical and empirical economic models of oil resource depletion. Important examples 

of published models are discussed, and the benefits and drawbacks of these models are 

outlined. I also discuss the physical and economic assumptions that serve as the basis for 

the studied models. 

 

Simple mathematical models are reviewed first. Resource exhaustion models based on 

the reserve-to-production ratio have been used since the early 20
th
 century. These models 

are unfit for understanding even the gross behavior of future oil supplies, as they account 

for neither reserve growth nor empirically-observed shapes of oil production profiles. 

Curve-fitting methods began with the early hand-drawn models of Hubbert and Ayres. 

Hubbert later built his logistic model of oil depletion. The key characteristics of the 

Hubbert method include: a logistic cumulative discovery function, a symmetric 

production profile, and the use of ultimately recoverable reserves (URR) as an exogenous 

constraint. 

 

Hubbertôs work inspired a variety of related curve-fitting models which relax one or more 

of his key assumptions. Some rely on non-logistic functions, such as exponential, linear, 

or Gaussian curves. Some models exhibit asymmetric rates of increase and decrease, 

allowing them to closely fit production profiles that have decline rates that differ from 

their rates of increase. Other models, often called ñmulti-cycleò models, treat production 

as the sum of a number of technologically or geologically distinct cycles of development.  

 

There are a variety of arguments made in support of using bell-shaped curves, but these 

are not rigorous in general, and arguments based on the central limit theorem are 

especially difficult to justify. Empirical results suggest that bell-shaped functions are 

useful for fitting historical production profiles, but that they are by no means exclusive in 

this respect. Also, the increased complexity of multi-cycle models often results in 

spurious precision of model fit to data because such models lack a priori justification for 

the specific timing or magnitude of any given cycle. 

 

Simulation models of oil depletion differ from curve-fitting models in that they do not 

assume a given function for oil production curves (e.g., a bell-shaped logistic function) 

but instead represent physical and economic mechanisms of the discovery and extraction 
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of oil. Such mechanistic aspects can include discovery probabilities or the increasing 

difficulty of oil extraction as a function of depletion. The most complex of these 

simulations model the investment and extraction of a number of competing fuels, such as 

conventional crude oil and unconventional hydrocarbons like tar sands.  

 

Unfortunately, simulation models are complex and difficult to understand or critique. 

This hinders a key goal of mathematical modeling: to increase our understanding of how 

the oil production system functions. As model complexity increases, the required number 

of data inputs and model parameters increases as well. Often times the primary data on 

which to base such model inputs are of poor quality or are simply not available. This can 

result in an increase in the number of assumptions required, thus negating some of the 

value of their increased detail. 

 

Bottom-up models of oil depletion utilize detailed datasets of reserves and production, 

often including data at the field level. These models allow relatively straightforward and 

simple assumptions about field-level production behavior to be summed into aggregate 

regional or global production curves that exhibit considerable complexity and, in 

principle, could accurately reproduce observed production profiles. These models are 

critiqued because they are based on datasets that are not publically available. In addition, 

their complexity requires many assumptions based on modeler judgment. Both of these 

characteristics, which are fundamental to the method and give it much of its strength, 

hinder the ability of other authors to replicate or improve on these models. 

 

There are two primary types of economic oil depletion models: optimal depletion models 

and econometric models. Theoretical models of optimal resource depletion are created to 

analytically explore the economic tradeoffs between producing exhaustible resources 

now or producing them at a later time. They are very simple, which is advantageous 

because they allow tractable analytical solutions to be developed. Econometric models of 

oil depletion form the mechanistic counterpart to theoretical models of optimal depletion. 

These models require significantly more input data than optimal depletion models. Of 

particular importance are ñhybridò econometric models that include simple 

representations of physical aspects of oil production (such as the relationship between 

depletion level and extraction costs) in addition to more traditional economic variables 

such as the oil price.  

 

There are difficulties with both types of econometric models. Economic optimal 

depletion models are problematic because they are largely theoretical and have little or no 

representation of the specifics of oil production.  This is a consequence of keeping the 

models simple so that they remain analytically tractable. In contrast, econometric models 

can include many variables affecting oil production, and therefore can exhibit excellent 

fidelity to historical production data. Unfortunately, this fidelity tends not to be robust 

when used for anything but short-term predictions. 

 

We conclude this review with a number of synthesizing thoughts. We first classify all 

major reviewed models along four dimensions of variability: 1) their emphasis on 

physical or economic aspects of oil production, 2) their scale, 3) their degree of 
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representation of mechanistic details of the oil production process, and 4) their 

complexity. Interestingly, a number of models that are based on quite disparate 

assumptions (e.g., physical simulation vs. economic optimal depletion) produce 

approximately bell-shaped production profiles. This is a hopeful convergence, because a 

good number of observed historical production profiles are approximately bell-shaped. 

 

The mathematical and analytical tools used to determine the quality of fit of models to 

historical data make it difficult to determine definitively whether one model type is 

superior. Available empirical data suggest that a number of different functions are useful 

for fitting historical data.  And experience with the results of complex simulation models 

suggests that fidelity in fitting historical data does not indicate that a model will be 

successful in forecasting future production. 

 

Skepticism is warranted regarding the ability of simple models to predict with precision 

the date of peak oil production. Despite this, they are likely useful for making predictions 

of the decade of peak production for a given URR estimate. I also argue that more 

detailed models have significant advantages for near-term forecasts, but that the many 

uncertainties involved reduce this advantage for making long-term predictions. I 

emphasize that attempting to use any models to make detailed predictions is likely to not 

be useful, because many aspects of the world are not included in even the most complex 

models. 

 

Increasing model complexity is often not a useful way to increase model fidelity. And, in 

fact, increasing model fidelity though additional complexity is detrimental to the other 

important goal of modeling oil depletion, which is to increase our understanding of the 

physical and economic processes underlying oil depletion. 

 

Lastly, I argue that forecasting the physical aspects of oil depletion without also including 

the economics of substitution with alternatives to conventional petroleum (e.g. coal-

liquids or the tar sands) results in unrealistic projections of future energy supply. By 

ignoring this adaptive substitution process, models ignore the important economic and 

environmental impacts that will arise from this transition to substitutes for conventional 

petroleum. 
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1  Introduction  
Concern about the availability of oil emerged soon after the birth of the modern oil 

industry and has resurfaced repeatedly since, leading to numerous predictions of 

impending exhaustion of oil resources. And while these projections were generally 

proven incorrect (sometimes spectacularly so), the future never seemed assured. This is 

because, as Adelman (1997) argued, the oil industry is fundamentally ña tug-of-war 

between depletion and knowledge.ò And although knowledge has won out over depletion 

for the last 150 years, allowing us to increase oil production almost continuously, there is 

uncertainty about how much longer this can continue.  

 

There are two key questions facing those who attempt to model oil depletion. First, how 

much recoverable oil exists? Answering this question requires estimating ultimately 

recoverable resources (URR), the amount of oil that can be economically produced over 

all time. See a companion report (Sorrell and Speirs 2009) for a discussion of this 

problem. Secondly, we can ask: how quickly will this stock of oil be depleted, and what 

path will production take over time? This is the problem of how one converts an estimate 

of URR into an estimate of future rates of oil production. This report addresses this 

question by reviewing the mathematical methods used to project rates of oil production 

over time.    

 

Quantitative understanding of oil depletion has increased significantly over the last 

century. Calculations of the exhaustion time of remaining oil resources were performed 

as early as 1909, although the methods used were simple (Day 1909).  By mid-century, 

methods of predicting field-level production were used in evaluating the economics of 

producing fields (Arps 1945), and statistical methods were developed to better project 

how much oil is likely to be found in a given region (Kaufman 1983). In the 1950s and 

1960s, curve-fitting techniques were used to forecast petroleum production, accurately 

predicting the peak in US oil production in 1970 (Hubbert 1956). After the oil crisis of 

1973, the problem of oil depletion received great attention from economists, temporarily 

elevating the area of resource depletion to a field of vigorous theoretical exploration 

(Krautkraemer 1998). And finally, the 1970s and 1980s saw increasing focus on 

econometric modeling of oil discovery and extraction (Walls 1992). Interest in oil 

depletion waned after the oil price decline of the mid 1980s, resulting in a decline in 

academic interest until recently.  

 

Oil depletion models vary in many ways, but three dimensions are key (see Figure 1). 

First, the level of aggregation varies between models: some models project global 

production, while others model production from individual fields. Second, some models 

fit  a theoretical function to historical data to project future production, while others 

attempt to model the mechanisms governing oil discovery and extraction. Lastly, some 

models rely primarily upon on economic reasoning, while others emphasize the physical 

nature of oil depletion.
1
 

                                                 
1
 This list is not exhaustive, and other important dimensions include: model complexity, forecasting period 

(near vs. long-term); maturity of the forecasted region (i.e., unexplored, pre-peak, or post-peak); or the 

production of deterministic (point value) or probabilistic results (Schuenemeyer 1981). Other classification 
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The models reviewed in this report inhabit different portions of the space represented in 

Figure 1. Some models clearly inhabit one region of this diagram, like a global curve-

fitting model that utilizes a physically-based exponential depletion function (Wood, Long 

et al. 2000). Other models attempt to bridge the gap between the extrema of these 

dimensions, such as a field-level model that ñbuilds upò to a global depletion projection 

(Miller 2005) or a model that uses probabilistic properties of the energy system to 

generate the functional forms used in curve fitting (Bardi 2005). 

 

What insight is offered by these methods of modeling oil depletion? Which of these 

models best reproduce historical data? And, given the uncertainties involved, are any of 

these methods useful for predicting the course of future oil production? This systematic 

review attempts to address these questions. 

 

1.1  Outline of report structure  
A wide range of mathematical models of oil depletion are reviewed.

2
 I start by outlining 

simple quantitative models (Section 2), followed by curve-fitting methods such as 

Hubbertôs method (Section 3). Next, I review simulations of resource discovery and 

extraction (Section 4), and ñbottom-upò field-level projections of near-term production 

(Section 5). Lastly, I review economic models of oil depletion (Section 6).  

 

For each modeling approach, I discuss its physical and/or economic basis, including its 

grounding in observed data. I attempt to critique each model within its original context, 

and save overarching critiques that apply across classes of models for the synthesizing 

                                                                                                                                                 
systems have been used to group models. Walls (1992) groups models into geologic/engineering and 

econometric models, while Kaufman (1983) groups models of oil resource estimation into six categories. 
2
 This review represents a comprehensive survey of the published, peer-reviewed literature. Some non-peer 

reviewed industry journals such as Oil & Gas Journal are included, as well as a few prominent or 

particularly original works published in the informal or government literature. 

 
Figure 1. Three of the dimensions along which oil depletion models vary. The level of aggregation 

is shown by the vertical dimension, the level of mechanistic detail is given by the horizontal 

dimension, and the intellectual grounding of the model is represented by the depth dimension. 
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discussion. I do not review models used for predicting production from individual fields 

(i.e. exponential or hyperbolic decline curves) (Arps 1945). I also do not review statistical 

ñdiscovery processò models, because they are more typically used to estimate URR (Arps 

and Roberts 1958; Drew and Schuenemeyer 1993). 

 

I conclude by addressing overarching topics (Section 7). First, I classify the variety of 

models reviewed in the paper along a number of dimensions and discuss a convergence 

across a number of model types toward ñbell-shapedò production profiles. I then question 

whether we can determine which model ñworks bestò at fitting historical production 

profiles. I then summarize what is known about the predictive value of these models, and 

discuss the role of complexity in the predictive ability of models. I conclude by 

describing one way in which future oil depletion models could be improved.  

 

1.2  Terminology and mathematical formulat ion  
Some terms are used repeatedly throughout this report. A production profile or 

production curve is a plot of oil production with volumes of oil produced plotted on the 

y-axis and time on the x-axis. The production cycle is the complete production profile 

from the start of production to when the resource is exhausted.  

 

Reserves are the volume of oil estimated to be extractable from known deposits under 

current technical and market conditions. The level of confidence in these estimates is 

typically indicated by the terms proved reserves (1P), proved and probable reserves (2P) 

and proved, probable and possible reserves (3P). Typically, only proved reserves 

estimates are publicly available. 

 

Cumulative discoveries for a region represent the sum of cumulative production and 

reserves in known deposits. Estimates of cumulative discoveries tend to grow over time, 

as a result of improved recovery, additional discoveries and other factors. This is 

commonly referred to as reserve growth although it is more accurately the estimates of 

cumulative discoveries that are growing, rather than declared reserves. Ultimately 

recoverable resources (URR) are the volume of oil estimated to be economically 

extractable from a field or region over all time. For known deposits, the URR represents 

the sum of cumulative discoveries and estimates of future reserve growth. For a 

geographical region, the URR represents the sum of cumulative discoveries, future 

reserve growth and yet to find resources. The remaining resources for a region are all the 

resources that have yet to be produced ï calculated by subtracting cumulative production 

from the estimate of URR. 

 

Nearly all models presented in this review are of the general mathematical form:
3
 

 ebbb += ),,,,,( 321321 22xxxfy . eq. 1  

                                                 
3
 A good reference for the statistics of model fitting is the NIST Engineering Statistics Handbook. 

(NIST/SEMATECH 2008). 
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Here the dependent variable y is a function f of a set of input data xi, parameters ɓi, and 

random error Ů.
4
  In model fitting, historical values of the dependent variable and input 

data are used to fit the model so as to solve for the values of the parameters ɓi. These 

fitted values of ɓi are then used to make predictions by solving the model for future 

values of the input data. In nearly all cases described here the dependent variable is P, oil 

production in a given year, and common input data include the year, URR, or oil price. 

 

In general, I refer to model parameters ɓi in this report as parameters or free parameters. 

I refer to xi as the input data, or as an input time series if a series of observations (e.g., 

yearly oil price) is used in f. I will often call a given input datum a constraint if it is a 

value that in some instances of the model could be treated as a free parameter, but in this 

case is assigned a fixed value. For instance, in some simple curve-fitting models, the 

value of URR can be left free to vary (therefore a free parameter), but in most instances a 

fixed value is provided for URR in order to constrain the fitting algorithm and improve 

model results. 

 

Also, in order to make the variety of models outlined here comparable, I standardize their 

mathematical notation wherever possible (see Table 1). Therefore, notation used here will  

not always align with notation in the cited work, but mathematical equivalency will be 

maintained. 

                                                 
4
 Other names for these parts of a model are the response variable (y) and predictor variables (xi). Because 

most oil depletion models are not built by statisticians, the random error component is generally not made 

explicit. Authors of such models generally acknowledge implicitly that there is an error term, through 

suggestions that their model is, for example, ñonly approximate.ò 

Table 1. Mathematical notation used in this study 

t Time, typically measured in years 

t0 Initial time period (first year of production or first year of model fit) 

tpeak Year of peak oil production 

tex Year of exhaustion of oil resources 

P(t) or P Oil production in a given year t, equal to Qô(t) or dQ/dt 

P0 Oil production in initial year t0 

Ppeak Oil production in year tpeak, or maximum oil production rate  

Q(t) or Q Cumulative oil production to year t, equal to sum of P(t) from years t0 to t 

QÐ Ultimately recoverable resources (URR), equal to sum of P(t) from years t0 to Ð. 

D(t) Cumulative discoveries to year t 

R(t) or R Current reserves in year t 

M(t) or M Remaining resources in year t, equal to QÐ - Q(t). M(t) is larger than R(t) due to 

undiscovered oil and reserve growth. 

r inc Rate of increase of oil production 

rdec Rate of decrease of oil production 
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2  Simple models of oil  depletion  
The simplest models of oil depletion use estimates of recoverable oil volumes to calculate 

future availability of oil, often by calculating the exhaustion time of known resources. 

 

2.1  Early concerns  about oil depletion  
Estimates of the lifetime of remaining oil resources were developed at least as early as 

1883 (Olien and Olien 1993). At that time, US geologists Lesley and Carll predicted 

exhaustion of oil ñin a generation.ò By the turn of the 20
th
 century, concern about oil 

depletion began to increase due to rapid growth in automobile use. In 1905 the 

automobile enthusiastôs magazine Horseless Age argued that ñthe available supply of 

gasolineéis quite limited, and it behooves the farseeing men of the motor car industry to 

look for likely substitutesò (McCarthy 2001). These concerns remained poorly quantified 

until  the development of simple mathematical models of oil depletion.  

  

2.2  Reserve to production  ratio: T he simplest ñmodelò 
of depletion  

The simplest mathematical model of oil depletion is the reserve-to-production ratio (R/P 

ratio). The number of years until reserve exhaustion (tex) is calculated by dividing an 

estimate of current reserves (R), or sometimes remaining resources (M), by current 

production (P): 

 
P

R
tex= , eq. 2 

or,  

 
P

M
tex= . eq. 3 

Because M accounts for reserve growth and yet-to-find oil, the estimate of tex from eq. 2 

will be larger. Figure 2 (left) shows the production profile implicitly assumed by R/P 

models. These bear little relationship to actual production experience. Variations of the 

R/P methodology have been used since at least the early 1900s (Day 1909). If production 

grows exponentially at rate r  after the initial model year t0, as shown in Figure 2 (right), 

then 

 ñ =
ext

t

rt RdtPe

0

, eq. 4 

or if we solve for tex,  

 ö
÷

õ
æ
ç

å
+= 1ln

1

P

Rr

r
tex .

5
  eq. 5 

                                                 
5
 Of course, M could also be used in place of R in this model as well. 
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Use of the R/P ratio has a long history. Day (1909; 1909) published such calculations in 

Congressional reports and popular sources, causing significant concern (Olien and Olien 

1993). He argued that oil resources would be depleted in 90 years at then-current rates of 

production, but that with growth only 25 years would be required. Reserve-to-production 

methods have been used continuously since, especially in popular and journalistic 

accounts of oil depletion (most frequently in support of optimistic assessments of 

resource availability).
6
  

 

Reserve-to-production models are deficient. Comparing reserves to production is ña 

fallacious approach based on circular reasoningò (McCabe 1998). Reserves, at least in 

regulated markets, are estimates of what is currently known to be economically 

producible at a given level of confidence, not the total oil in place. Thus, R/P measures 

the inventory of discovered and delineated petroleum deposits, not the exhaustion time of 

the petroleum resource. Also, production does not stay constant and will not decline to 

zero in a single year. It was acknowledged long ago that production would peak and then 

decline, not following the implicit R/P profiles shown above. For example, White (1920) 

calculated an R/P of 14 to 16 years, but argued that the peak would occur ñwithin five 

yearséand possibly within three.ò
7
 

 

For these reasons, R/P models are of virtually no use in predicting oil availability. 

Despite this, they continue to be used because they satisfy a ñnatural reaction that most 

people haveò when they are told a reserve figure: to understand how much oil remains by 

calculating how many years are left if production remains constant (McCabe 1998).
8
 

                                                 
6
 Journalistic use of R/P occurred as early as 1920, when the New York Times (1920) cited a Bureau of 

Mines calculation that the United States ñhas only an eighteen year supply.ò 
7
 White (1922) also gives an intriguing discussion of depletion that sounds remarkably similar to modern 

concerns, despite its formality: ñour prodigal spending of our petroleum heritage may cause its too rapid 

depletion if not its early exhaustion in the midst of our spendthrift career, and at some untoward moment 

send us as beggars to foreign countries for the precious fluid not only to satisfy our extravagant habits but 

even to sustain our industrial prosperity, our standards of living, and our civilization.ò 
8
 A recent example is Tony Hayward, CEO of BP who stated in June 2008 that ñéMyth number two is that 

the world is running out of hydrocarbons. Not so. The world has ample resources, with more than 40 years 

of proven oil reservesé.ò 
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Figure 2. Left: Production profile assumed by simple reserve-to-production ratio model, with R å 

200 Gbbl (eq. 2) and M å 600 Gbbl (eq. 3). Right: Production profiles for reserve-to-production 

ratio assuming exponential production growth (eq. 4). Each curve has R å 600 Gbbl of oil, at 

growth rates of 0.01, 0.02, and 0.04 y
-1
 in the low, medium and high cases, respectively. 
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3  Curve - fitting  models  of oil depletion  
Mathematical curve-fitting

9
 models of oil production have been used since the 1950s. A 

variety of models exist, but their general approach is as follows: 

 

1. Define a mathematical function to statistically fit to historical production data. These 

functions do not model causal mechanisms (i.e., production is a function only of time 

or cumulative extraction). The most common form is a bell-shaped logistic function. 

2. Include constraints to improve the quality of projections made from the model fit. The 

most commonly used constraint is that total production must be less than estimated 

URR.
10

 

3. Fit the constrained model to historical data in order to project future production.
11

 

 

Curve-fitting models vary in the function used, in the use of URR as a constraint and in 

the assumption (or not) of symmetry of the model function. 

 

3.1  Hubbert ôs logistic  model   
The most well-known curve-fitting model is that of M. King Hubbert. Hubbert first 

produced a schematic of his model of resource depletion in 1949, followed by his 

projection of future US oil production in 1956 (Hubbert 1949; Hubbert 1956). While 

some analysts argue that these projections were unprecedented, there were important 

historical antecedents to Hubbertôs methods. 

 

The idea that oil production follows a bell-shaped profile was advanced quite early. 

Arnold (1916) noted that ñthe crest of the production curve is not a sharp peak, but is 

represented by a more or less wavy dome.ò The work of Hewett (1929) was cited by 

Hubbert (1972) as a source of inspiration. Hewett applied a life-cycle framework to 

resource production, arguing that mineral producing regions would undergo a series of 

smoothed peaks, with the earliest peak in exports, and later peaks in the number of mills 

and smelters, and in production of metals. 

 

In 1949, Hubbert plotted asymmetrical bell-shaped projections of fossil energy 

production over time. No function was defined for the curve; he simply argued that ñthe 

production curve of any given species of fossil fuel will rise, pass through one or several 

maxima, and then decline asymptotically to zeroò (Hubbert 1949). 

 

Ayres made similar projections a few years later (Ayres 1952; 1953). In 1953 Ayres 

predicted that United States peak production of oil would occur in 1960 or 1970 

                                                 
9
 This is not the only way to describe these models. (2003) uses the pejorative term ñtrendologyò to refer to 

curve-fitting methodologies. Wiorkowski (1981) refers to these models as ñblack-boxò models because 

they subsume all effects to a single trend that is a function of time. 
10

 Another constraint used is that the production curve is analogous to the discovery curve but shifted in 

time. 
11

 A related approach fits a mathematical function to historical data on either cumulative production or 

cumulative discoveries and uses this to estimate the URR. These approaches are discussed in detail in a 

companion report (Sorrell and Speirs 2009). 
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depending on the level of ultimate recovery (100 or 200 Gbbl URR, respectively). 

Ayresôprediction predated Hubbertôs famous prediction by 3 years, used an identical 

estimate of URR, and arrived at the same peak date (Ayres 1953). Also, in 1952 the 

Presidentôs Materials Policy Commission study Resources for Freedom, an important and 

widely read study of the day, predicted peaks of 1963 to 1967 in two scenarios (PMPC 

1952). 

 

In March of 1956, Hubbert famously predicted that US oil production would peak 

between about 1965 and 1970 (Hubbert 1956). These two projections differed by the 

value of URR used to constrain the curve (150 and 200 Gbbl, respectively). This 

prediction was subsequently shown to be accurate when United States production peaked 

in 1970. Interestingly, one month earlier than Hubbertôs prediction, analysts from Chase 

Manhattan Bank published a prediction showing a peak in US oil production in 1970 as 

well (Pogue, Hill et al. 1956).
12

 Also, in June of 1956, Ion predicted a peak between 1965 

and 1975 (Ion 1956). 

 

In 1959, Hubbert first applied the logistic function as a mathematical model for 

cumulative oil and gas discoveries. By plotting cumulative discoveries as a function of 

time, a ñsigmoidò curve was generated, which he fit with the logistic function. This curve 

can be extrapolated to find the asymptote of cumulative discovery (or URR). This value 

of URR can then be used to constrain the production curve, as cumulative production 

over all time must be less than or equal to cumulative discoveries.
13

 He does not give 

justification for his choice of the logistic function, stating that  

 
if we plot a curve of cumulative production for any given area, this curve will start from 

zero with a very low slope, because of the slow rate of initial production, and will then 

rise more or less exponentially before finally leveling off asymptotically to some ultimate 

quantityé  

 

Hubbert published papers until the 1980s utilizing these basic methods. He also 

developed related analytical methods, including modeling cumulative discovery as a 

function of exploratory effort (Hubbert 1967). In 1980, he published a full derivation of 

his logistic model (Hubbert 1980). This includes a derivation of the logistic curve from 

an assumption that the rate of growth of cumulative production forms a parabola (that is, 

the growth rate will be zero at the beginning and end of production from a region). The 

resulting function for cumulative production is  

 ( ))(

0
01

)(
tta

eN

Q
tQ

--

¤

+
= . eq. 6 

Here a governs the spread of curve and N0 is a dimensionless factor equal to 

 
0

0
0

Q

QQ
N

-
= ¤ . eq. 7 

                                                 
12

 Hubbert cites this text in his 1956 paper, so it is known that he read their work. The text of this article 

states that the peak will be in the ñ1965-1975 decadeò but their plots show the peak in 1970. 
13

 Hubbert also shifted the cumulative discovery curve by a fixed time increment to fit cumulative 

production data. It is unclear how primary this method was in his model fitting. 
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In this equation, Q0 equals the cumulative production in year t0. Production in year t is 

given by P(t), the derivative of Q(t) with respect to time: 

 
( )2)(

0

)(

0

0

0

1

)(
)(

tta

tta

eN

eaN
Q

dt

tdQ
tP

--

--

¤

+
== . eq. 8 

Figure 3 plots cumulative production Q(t) (left) and annual production P(t) (right) from 

Hubbertôs logistic model. 

 

In order to solve for the free parameters in the model (QÐ and a), Hubbert developed a 

technique now called ñHubbert linearizationò (Deffeyes 2003). He started with an 

assumption of a parabolic form for the differential equation governing the logistic curve:  

 
2bQaQ

dt

dQ
-=

 . 
eq. 9 

This parabola has no constant term, because dQ/dt = 0 when Q = 0. We also know that 

the growth rate must also equal zero when all oil has been produced (Q = QÐ), so aQÐ ī 

bQÐ
2
 = 0, and thus ¤= Qab / . Therefore, 

 
2Q

Q

a
aQ

dt

dQ

¤

-=

, 
eq. 10 

and we can divide both sides of this equation by Q: 

 Q
Q

a
a

Q

dtdQ

¤

-=
/

, 
eq. 11 

Hubbert realized that this equation can be plotted as a straight line in (dQ/dt)/Q vs. Q 

space. Solving this linear equation for the x-intercept (with (dQ/dt)/Q = 0) gives the value 

of QÐ.
14

 This technique has seen a modern resurgence as a variation of the conventional 

Hubbert technique (Deffeyes 2003). It simply represents a transformation of the model 

into a space where logistic behavior appears linear. This improves the ability of the eye to 

                                                 
14

 Similar techniques have long been used to model the production from individual fields (Arps, 1945). 

However, at the field level, the post-peak decline in production is normally assumed to take an exponential 

form, leading to a linear relationship between p(t) and Q(t) when the data are transformed into logarithmic 

space. 
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Figure 3. Left: Cumulative production in  a logistic oil production model. In all cases URR is 600 

Gbbl, and Q0 is 0.2 Gbbl at time t0 =1. a equals 0.25, 0.35, and 0.5 in the low, medium, and high 

cases, respectively. Right: Production in a logistic oil production model, using same settings as 

cumulative production curves. 
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spot a logistic trend and deviations from it, but offers no difference in the mathematical 

properties of the fit .
15

 

 

3.2  Other curve - fitting models  
A variety of Hubbert-like curve-fitting models exist. These models share properties of the 

Hubbert method while relaxing or altering some of its assumptions. Some key 

assumptions of Hubbertôs mathematical method include:
16

 

 

1. Production profile is given by the first derivative of the logistic function; 

2. Production profile is symmetric (i.e. maximum production occurs when the resource 

is half depleted and its functional form is equivalent on both sides of the curve);  

3. Production follows discovery with a constant time lag;  

4. Production increases and decreases in a single cycle without multiple peaks. 

 

Curve-fitting models that relax some or all of these assumptions are described below. 

 

3.2.1  Gaussian models  of oil depletion  
In contrast to the logistic function, a Gaussian model of oil production is used by a some 

researchers (Bartlett 2000; Brandt 2007): 

 ö
ö

÷

õ

æ
æ

ç

å --

=
2

2

2

)(

)(
s

peaktt

peakePtP , 
eq. 12 

where ů is the standard deviation (width of the curve). Brandt (2007) uses an asymmetric 

version of the Gaussian curve to test for symmetry in production curves:  
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where  
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-
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ss
s

. 
eq. 14 

In eq. 14, ůinc and ůdec are the standard deviations on the increasing and decreasing sides 

of the production curve. k governs the rate at which ů shifts from the increasing to 

decreasing value. Note that for small values of t, ůinc dominates, while ůdec dominates at 

large values of t. Schematic plots of conventional and asymmetric Gaussian functions are 

given in Figure 4. 

 

3.2.2  Exponential models of oil depletion  
Exponential decline in production at the field level was noted as early as 1908 (Arps 

1945). In 1916 Arnold argued that ñthe rate of decrease [is] based on the previous yearôs 

                                                 
15

 Caithamer (2007) argues that fitting a line to linearized data at certain points in production history would 

result in infinite oil production being projected. While the behavior of the transformed data will eventually 

settle and allow projection to the axis, it is unclear how soon one can be certain that this has occurred. 
16

 Hubbert (e.g.,1982) argued repeatedly and forcefully that the production profile in reality need not be 

symmetric or bell-shaped in reality, but his mathematical models were always based on this simplified 

formulation.  
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production, becoming gradually less and less.ò Exponential regional production curves 

are often justified by analogy with field-level models of exponential production decline, 

but it is unclear whether this analogy holds rigorously.
17

  

  

Exponential growth or decay is characterized by a constant percentage change in the rate 

of production per year. It is given by the equation
)(

0
0)(

ttr
ePtP

-
= , where production in an 

initial year (P0) grows by the rate r after the initial year t0. A simple model of exponential 

increase and decrease is defined as follows: 
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17

 For example, if each of the fields in a region exhibit exponential depletion, will the aggregate production 

curve for the region also exhibit exponential decline? Depending on the timing of the projects, this is not 

necessarily the case (see Figure 7). Also, if the actual function followed resembles a combination of 

functional forms, such as the suggestion by Meng and Bentley (2008) that production is bell-shaped on the 

increasing side and exponential on the decreasing side, then they need not aggregate to an exponential 

curve at all. 
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Figure 4. Symmetric (medium) and asymmetric (low, high) Gaussian oil production profiles. 

Cumulative production over all years å 600 Gbbl for three curves. In all cases ůinc = 10 years and 

tpeak = 25 years. ůdec = 20, 10, and 5 years in low, medium, high cases, respectively. 
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Where r inc and rdec are the absolute values of the rates of exponential increase and 

decrease. A schematic of the exponential production model is shown in Figure 5.  

 

A notable exponential projection was made by analysts from the US Energy Information 

Administration (Hakes 2000; Wood, Long et al. 2000). The projection utilizes 

probabilistic USGS estimates of recoverable reserves with a globally-aggregated 

exponential depletion model to produce profiles with very sharp peaks. They assume that 

production growth continues at about 2% per year until the global remaining-resources-

to-production ratio (M/P) reaches 10 years,
18

 at which point production declines in order 

                                                 
18

 This assumption derives from US experience. When US production peaked, the proved reserves-to-

production ratio equaled about 10 years. But the USGS data used in the EIA model includes reserves, yet-

to-find oil, and reserve growth until 2030 at a given probability (i.e., remaining resources). Thus, their 

application of the R/P rule actually represents a M/P model. 
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Figure 5. Exponential model of oil production. All profiles have cumulative production of å 600 

Gbbl over years shown. All curves are symmetric, with growth rates of 1, 2, and 4% per year in 

low, medium, and high cases respectively. 

 

 
Figure 6. Projections from the Wood et al. EIA study (Wood, Long et al. 2000). Note the rapid 

rate of decline in production due to the assumption of decline under a constant R/P of 10 years. 
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to keep M/P equal to 10 years. This results in a 10% decline in production per year. Some 

results from this projection are shown in Figure 6.  

 

Also, Hallock et al. (2004) use a modified exponential methodology. Production 

increases in each country to meet domestic demand plus an increment for new world 

demand. The production rate increase for each nation is capped at a different rate 

depending on the scenario (at 5%, 7.5%, or 15%). Once cumulative production reaches 

50% of URR (or 60% in other scenarios), production declines exponentially. The growth 

rates around the peak (between 45 to 55% depletion) are modulated to smooth the peak.  

 

A key problem with exponential models is the interaction between aggregation and 

decline rates (Cavallo 2002). In the EIA model, production increases until the global R/P 

ratio reaches the target value. This is very different than a model where each country or 

region behaves according to the same R/P rule. The difference is illustrated in Figure 7. 

The left plot shows a globally aggregated exponential depletion model (as in the work of 

Wood et al.), while the right plot shows the same total quantity of oil produced but with 

production divided between 10 regions that independently follow the same R/P rule. In 

reality, the appropriate decline rate will vary by scale, and will generally be highest at the 

field level, with slower decline observed in aggregated regions. 

 

Empirical evidence for exponential behavior exists. Exponential and exponential-like 

production declines have been observed at the field level for decades (Arps 1945). And 

there is evidence that production declines exponentially for larger regions as well. For 

example, Pickering (2008) found that annual production in a given region is often a linear 

function of the countryôs proved reserves in that year. This, in essence, represents a fixed 

R/P production rate, or exponential decline. He found that the slopes of the linear 

relationship between reserves and production in non-OPEC ñfringeò and ñsmall fringeò 

countries suggested 4.6 and 3% exponential decline. Brandt (2007) found a median value 

of rdec= 2.6% for 74 post-peak regions. On the other hand, Skrebowski (2005) argues that 

overall depletion from existing sources is likely 4 - 6%. 
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Figure 7. Two exponential production models. In both cases, production for each region increases 

at 2% per year and decreases at 10% per year, as in Wood et al., and cumulative production in 

both cases is å 600 Gbbl. Left: production follows the R/P decline rule in the aggregate (as in 

Wood et al.). Right: each of 10 regions individually follows the same R/P decline rule with 

different sized resource endowments. 
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3.2.3  Linear models of oil depletion  
Linear models of oil production are used infrequently [e.g., (Hirsch, Bezdek et al. 2005; 

Brandt 2007)], although they represent the most simple formulation of a rising and falling 

production curve. A linear production profile can be defined as 
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where Sinc and Sdec are the absolute values of slopes on the increasing and decreasing 

sides of the production curve. A special case is the symmetric case where Sinc = Sdec. 

Despite its simplicity, the linear model provides a relatively good approximation to the 

production profile of some oil producing regions: Brandt (2007) found that it was the best 

fitting model for 26 out of 139 studied regions (see Figure 10). 

 

 

3.2.4  Multi - cycle  and multi - function  model s 
In contrast to models where production rises and falls in a single cycle, multi-cycle and 

multi-function models attempt to recreate the non-smooth production profiles seen 

empirically. Multi -cycle behavior was noted by Hubbert (1956), who argued that Illinois 

was a multi-cycle region: 

 
The first period of discovery, beginning about 1905, was based on surface geology with 

meager outcrop data. Consequently in about five years most of the discoveries amenable 

to this method had been discovered...It was well known geologically, however, that the 

whole Illinois basin was potentially oil bearing, which was later verified when a new 

cycle of exploration using the seismograph was initiated in 1937. 

 

Multi-cycle models have been developed by Laherrere and Patzek (Laherrère 1999; 2000; 

2003; Patzek 2008). These models fit  the sum of a number of independent logistic 

production cycles to the overall production data, as shown in Figure 8. Ideally, each 

additional cycle represents the production of a well-defined resource that can be 

differentiated from the main body of production. Laherrere argues that ñalmost every 

country can be modeled by at most four cycles in which discovery peaks are correlated 

with corresponding production peaks after a time-lag giving the best fitò (Laherrère 

1999). He shows two examples of this, but has not illustrated its generality.  

 

Mohr and Evans (2007; 2008) built a multi-function model that uses a bell curve but 

models disruptions by postponing the bell curve at the point of a disruption. The 

disrupted period is modeled with one or more simple polynomials, after which the bell 

curve resumes, shifted to account for the additional cumulative production that occurred 

during the period of disrupted production: 
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Here Pbell is production from a bell-shaped curve model. The fi  are a series of n 

polynomials anchored on each side at n+1 disruption points, which occur at times ta0 to 

tan. After the period of disrupted production, the underlying bell-shaped model is shifted 

to the point where the disruptions end. Guseo and Dalla Valle (2005; 2007) also include 

exogenous shocks in a model of technological diffusion that they apply to oil depletion 

modeling. 

 

One problem with these methods is the arbitrary addition of production cycles. The 

quality of model fit to data can be improved by adding more cycles, but the better fit of 

the more complex model is often not justified by the additional model complexity. For 

example, In Mohr and Evans (2008) the bell curve is interrupted by two first-order 

polynomials, one second order polynomial, and one third order polynomial. This adds 

between 11 and 16 free parameters to the model, depending on if the breakpoints tai are 

also chosen by algorithm, resulting in danger of spurious overfitting. One approach to 

address this concern is with information-theoretic approaches, as discussed in Section 7 

(Burnham and Anderson 2002; Motulsky and Christopoulos 2004).  

 

The second problem is that additional cycles are inherently unpredictable. They might 

represent new discovery cycles enabled by advances in exploration technology, such as 

the case with Illinois and the introduction of the seismograph; or by new production 

technologies, such as thermal EOR applied to heavy oil deposits; or by the discovery of a 

new type of deposit that was previously unknown, such as very deep offshore oil. Lynch 

(2003) argues that this technique ñdestroys the explanatory value of the bell curveò 

because ñnot knowing whether any given peak is the final one renders [predictions] 

useless.ò At the least, without a priori justification for additional cycles such a modeling 

approach can quickly degrade into what Burnham and Anderson (2002) call ñdata 

dredging.ò These concerns, and the broader principle of parsimony, are discussed in 

Section 7. 
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Figure 8. Multi -cycle production model with cumulative production over all years of å 600 Gbbl 

of oil. Three cycles have 350, 150 and 100 Gbbl ultimate production each. These might represent, 

for example, production from primary, secondary, and tertiary (EOR) technologies. 
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3.2.5  Asymmetric  smooth curv e- fitting  models  
A variety of asymmetric smooth curve-fitting based models of production have been 

developed but not widely used. Not long after the work of Hubbert, Moore (1962; 1966) 

used the Gompertz curve to fit cumulative production and discovery data: 

 
tbaQtQ ¤=)( , eq. 18 

where a and b are fitting constants (a is defined as the ratio of the initial value of 

cumulative production Q0, to the value of ultimate production QÐ, which allows Q = Q0 

when t = 0). The Gompertz curve is asymmetric: the decline is slower than the increase. 

Wiorkowski (1981) argued that the Gompertz curve used by Moore resulted in a poor fit 

to historical data. 

 

Figure 9 (left) shows the skew normal production profile, or SNPP, developed by 

Hammond and Mackay (1993) for use in projecting UK oil production: 

 tneAttP a-=)( , eq. 19 

where A is a scaling coefficient, n is a shape factor (larger n results in low peak delayed 

in time), and Ŭ is the ñpeak position factorò (larger Ŭ value shifts peak forward). This 

model was used to project UK oil and gas production, although it resulted in overly 

pessimistic projections of the peak in UK oil production. The same function was also 

used by Feng et al. (2008) to forecast Chinese oil production, although they refer to it as 

the Generalized Weng equation.  
 

More recently, Kaufmann and Shiers (2008) built an asymmetric bell-shaped model that 

continues directly from historical production data (see Figure 9, right). It is solved 

iteratively as a set of 3 equations. The growth equations can be simplified as follows:
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Figure 9. Two asymmetric bell-shaped models. Left: Production profile of the skew normal 

production profile (SNPP) model of Hammond and Mackay (1993). All curves have total 

cumulative production over all years of å 600 Gbbl. Parameter settings for low, medium, and 

high cases are A = (1, 8, 52); n = (2.35, 2, 1.8); and Ŭ = (0.2, 0.3, 0.5), respectively. Right: 

Asymmetric growth model of Kaufmann and Shiers (2008). Cumulative production sums to å 600 

Gbbl in all cases. Growth and decay rates (r inc, rdec) are (0.51, 0.165), (0.545, 0.545) and (0.575, 2) 

for low, medium and high cases, respectively.  
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. eq. 20 

These equations are constrained by the requirement that cumulative production is always 

less than URR. The resulting production curve (Figure 9, right) is used to generate 

projections of the required rate of development of substitutes for conventional petroleum 

(SCPs). 

 

Berg and Korte (2008) built three models (each a system of differential equations) that 

expand upon Hubbertôs logistic differential equation. They add aspects of simulation 

models, as described in Section 4. Their first model adds demand to the Hubbert model. 

Another model adds a third differential equation governing the dynamics of additions to 

reserves. Their differential equation governing reserves forces discoveries to decline as 

cumulative reserves additions increase,
19

 but does not account for technological change 

that also occurs as reserves are depleted.  
 

3.3  Difficulties with  curve - fitting  models  
Curve-fitting models are simple models that reduce many complex phenomena, to a small 

number of equations. This results in difficulties that are widely discussed in the literature 

(e.g. Lynch 2003), include a reliance on estimates of URR, assumptions of symmetry, 

and assumptions of bell-shaped production profiles. 

 

3.3.1  Is  URR  a reliable constraint?  
Estimates of URR are a key input to curve-fitting models. Caithamer (2007) notes that 

unconstrained fitting of the logistic model to pre-1970 global production data predicts 

2.57 x 10
15

 bbl URR, about 3 orders of magnitude greater than USGS resource estimates. 

This is because there is not enough information in pre-peak production data to generate 

stable values of model parameters without the aid of constraints.
20

  (This situation 

improves the further into the production cycle a region becomes, as the possibilities for 

divergent futures become increasingly narrow.) 

 

However, using URR to constrain curve-fitting models is problematic. First, estimates of 

URR have been too low in the past. This type of error has plagued curve-fitting models, 

especially with regard to projections of world production (Lynch 1999; Lynch 2003).
21

 

                                                 
19

 )1(/ DdTdD -´ where D is cumulative reserves discovered, normalized to reach a maximum value of 1. 
20

 This is because 1970 was at least 35 years before the peak in production, meaning that there was still 

significant uncertainty with respect to any signal provided by the data. Also, arguments of this type should 

not be taken too far: unconstrained models of 3 or 6 parameters will not be used in practice because we do 

have additional information to bring to bear on the problem (e.g., we know to ignore results suggesting 

URR of 10
15

 bbl). 
21

 For example, Lynch (2003) notes that Campbell increased his value of global URR from 1,575 Gbbl in 

1989 to 1,950 Gbbl in 2002. 
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Estimates of URR can be too low for two reasons: they can underestimate new 

discoveries and they can underestimate reserve growth. Both of these problems have 

traditionally been observed. 

 

Another more fundamental problem is that while URR is used as a fixed constraint in 

curve-fitting models, there are serious problems with viewing URR as a static value. 

Adelman and Lynch (1997) argue that ñthe mistake is not mere underestimating of URR. 

It is the concept of URR as a fixed amount, rather than a dynamic variable.ò The reason 

is that URR is fundamentally a hybrid economic-physical concept. If oil resources 

suddenly became less valuable, then the same physical endowment of resource deposits 

would result in a lower value of URR. Or alternatively, if consumers are willing to 

sacrifice more (i.e., pay more) for a unit of petroleum, then URR will grow with no 

changes in physical properties of the resource. The differences between physical and 

economic views of resources are discussed in greater detail in Section 7. 

 

The seriousness of the URR problem is a point of disagreement among researchers. Some 

argue that increases in estimates of global URR have leveled off, and that we are 

asymptotically reaching the true value of URR, especially if consistent 2P reserves data 

are used (Bentley, Mannan et al. 2007).
22

 Others disagree, suggesting that URR values 

will likely continue to grow (McCabe 1998), and that hydrocarbons will  be produced 

from resources that are currently not included in estimates of URR.
23

  

 

3.3.2  Are bell - shaped models bett er than other model 
types ? 

Hubbertôs use of a bell-shaped production profile, together with its reasonable fit to many 

regions (most notably the US), has created a desire to justify the use of such curves with 

rigorous scientific reasoning.  While Hubbert (1980) noted the roots of the logistic 

equation in 19
th
 century population biology, he never gave a detailed explanation for his 

choice of this model.  

 

Recently, Rehrl and Freidrich (2006) described a simple thought experiment that 

generates logistic behavior from the interaction of information and depletion on oil 

discovery rates. First, they assume that geologic and technical information, I, is directly 

proportional to cumulative discoveries, D:
24

 

 DI ´ . eq. 21 

Next, they assume that the rate of discovery is also directly proportional to the amount of 

information that we have, and by the equation above, therefore proportional to 

discoveries: 

                                                 
22

 2P reserves are said to represent more realistic and stable reserve estimates than the proved reserves 

commonly reported in the United States and other countries. This conservatism is argued to be the reason 

behind the significant reserve growth observed in the US. 
23

 Given that current estimates of URR neglect some 60-70% of known oil in place (oil that will be left 

behind by current extraction technologies), Lynch (1999) argues that stable URR estimates make the 

ñunrealistic assumption that technological progress will effectively cease.ò 
24

 They note that this model is simple, as there is ñno justification why the regarded proportionalities should 

be linear to the first power,ò and proceed given that this is the simplest possible relationship.  



 

UK Energy Research Centre                                        UKERC/WP/TPA/2009/021  

19 

 I
dt

dD
´ , eq. 22 

and so  

 D
dt

dD
´ . eq. 23 

This is the differential form of exponential growth. They call this the ñinformation effectò 

whereby an increase in cumulative discoveries further increases our ability to find more 

oil.
  

Next, they describe the opposing ñdepletion effect,ò whereby discoveries hamper future 

discovery by reducing the amount of oil left to be found. They argue that a reasonable 

form of this relationship is 

 ( )DQ
dt

dD
-´ ¤

, 
eq. 24 

which suggests that discoveries drop to zero as D approaches QÐ. We can combine these 

two statements of proportionality with an arbitrary constant a: 

 
2)( aDDaQDQaD

dt

dD
-=-= ¤¤

. 
eq. 25 

Note that eq. 25 is the differential form of the logistic curve (this time in discoveries 

instead of production). Thus, they argue that simple relationships can generate a logistic 

discovery function. But, it does not necessarily follow that production would follow a 

logistic path as well. In free market conditions under ample demand, it is reasonable to 

assume that oil discovered will be promptly brought into production,
25

 resulting in a 

consistent lag between discovery and production. In reality, economic and political 

constraints can alter investment and production.  

 

Other authors use the central limit theorem (CLT) to justify bell-shaped models.  In 1952 

Ayres foreshadowed this argument: ñFor some single oil fields the peaks can be relatively 

sharp, but for the sum of effects of many oil fields in many countries the peak can be 

expected to be blunt.ò
 26

 There is unfortunately little basis for applying the CLT to oil 

production curves in general (McCabe 1998; Babusiaux, Barreau et al. 2004; Brandt 

2007). The CLT acts to generate a Gaussian distribution when distributions that are 

independent of one another are summed or averaged. Dice provide a good example. 

Rolling one fair die will result in equal probability of obtaining the values 1 to 6 ð a 

uniform distribution. Rolling 5 dice and summing the results will give a range from 5 to 

30, but the distribution will not be uniform. The value 5 will rarely be obtained, while the 

value 15 will be obtained much more commonly (because many combinations of the dice 

result in a sum of 15). If the dice were rolled and summed many times, a plot of the 

distribution of results would appear Gaussian. 

                                                 
25

 Since so much of the cost, and risk, in oil and gas development is in the exploration stages, producers 

have little incentive to hold back production once the riskiest portion of the process has resulted in a 

successful discovery. 
26

 Ayres (1952) cited the insights of statistical physics as a justification: ñAll of modern physics is founded 

upon the conception of predictability of the sum of large numbers of unpredictable events. The larger the 

number of events, the greater the probability of prediction.ò  
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The crucial difference is that while field-level production curves are summed to produce 

an aggregate curve, they are not independent. Production from an oil field is determined 

at least in part by the decisions of the producers. And producers across regions, nations, 

and even at a global level, face common stimuli. At a regional level these include 

transport costs, availability of refining capacity for a given type of crude, and regulatory 

pressures (such as state or provincial environmental mandates). At a national level, 

politics can alter production decisions, particularly in nations with central control over 

production, but even in nations with independent oil companies. And, globally, both long 

and short-term trends (such as the modern spread of automobility to Asian nations or 

demand reductions caused by the 1970s oil crises) influence producers simultaneously 

across the globe.  

 

Given that there is some degree of independence between producers, some smoothing 

clearly occurs with aggregation. This amount of smoothing varies by region. But, the 

shape of the global historical production curve is so non-Gaussian that it is very unlikely 

to have arisen from the summation of tens of thousands of truly independent production 

profiles. 

 

Other arguments for bell-shaped curves exist.
27

 Bentley et al. (2000) note that a sum of 

triangular field-level profiles generates a bell-shaped curve if the largest fields are found 

first. These ideas are discussed in Section 5 and shown in Figure 20. Also, Cleveland and 

Kaufmann (1991) suggest that the bell-shaped production profile is the result of physical 

changes in the resource base causing the long-run cost of production to increase. This 

increase in cost induces the peak and decline in production. These ideas are discussed in 

Section 6.  

 

Thankfully, the historical record provides us with some evidence regarding the usefulness 

of bell-shaped curves. While many production curves are well-approximated by bell-

shaped profiles, a good number of production profiles deviate from bell-curve-like 

shapes: some are significantly more pointed than the bell-curve (Hirsch 2005; Brandt 

2007), while others have multiple peaks separated by significant amounts of time 

(Hubbert 1956; Laherrere 2003; Patzek 2008).  

 

Brandt (2007) compared the fit of six simple (3 and 4 parameter) curve-fitting models to 

139 oil production curves at a variety of scales (US states and regions, countries and 

multi-country regions) Geological definitions for regions (e.g., basins or plays) were not 

used because of lack of data. He compared symmetric and asymmetric versions of a 

Gaussian bell-shaped model, a linear model and an exponential model. This comparison 

                                                 
27

 Also, Guseo and Dalla Valle (2005; 2007) argue a model of technological diffusion containing ñearly 

adoptersò and ñword of mouthò adopters as the basis for the bell-shaped profile. On the other hand, Weiner 

and Abrams (2007) give a physical explanation for logistic production curves. They build a simple physical 

model of oil depletion as draw-down of fluid from a sealed container containing gas and fluid under 

pressure. This conceptually appealing approach does not account for other factors affecting the rate of oil 

production from a deposit over time (water influx, multi-phase flow effects, etc.) 
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used Akaikeôs Information Criterion (see Section 7 for more information) to account for 

the different functional forms and numbers of parameters across the models.  

 

Most generally, he found that these simple models worked reasonably well as a group: 

out of 139 production curves analyzed, only 16 were found to be significantly non-

conforming to any of these simple models.  But he found less strong evidence to choose 

one functional form over another. If only symmetric models were allowed, then the 

Gaussian model was found to be the most successful, fitting best in 59 regions, while 

only 26 regions were best fit by each of the exponential and linear models. If symmetry 

was not required, the asymmetric exponential model was found to be best fitting in 25 

regions, compared to 14 regions for the asymmetric Gaussian model, which was the next 

most successful. To illustrate how excellent the fit to these disparate models can be, 

Figure 10 shows six regional production curves that were each fit best by one of the six 

tested models.  
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  A. Gaussian     B. Asymmetric Gaussian 

 

 
  C. Exponential    D. Asymmetric Exponential 

 
  E. Linear    F. Asymmetric Linear 

  

Figure 10. Six model types applied to regions where they were found to be the best fitting model.  
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3.3.3  Are production profiles really s ymmetric ? 
Lastly, we can ask whether production profiles are best represented with symmetric 

models. The motivation for symmetric production models is typically that they are more 

parsimonious than asymmetric models. Is this simplification supported by available data? 

 

The historical record again provides insight here. PFC Energy studied 18 post-peak 

countries, finding an average level of depletion of 54% at the start of decline, with the 

majority of regions peaking at between 40 and 60% of estimated URR (PFC 2004). These 

percentages are likely to decline, because they were calculated relative to estimates of 

URR, which are more likely to increase than to decrease.
28

  

 

Other indications from historical production data suggest that production tends to be 

asymmetric, with the decline slower than the increase. Brandt (2007) found that the 

production-weighted mean rate of exponential decline was approximately 4% less than 

the production-weighted mean rate of increase (å 2% vs å 6% increase) for 74 post peak 

regions, ranging in size from US states to sub-continents. In nearly all cases (67 out of 74 

regions) the rate difference (r inc ï rdec) was found to be positive.  

 

This observation aligns with the intuition that improvements in technology will make the 

production decline less steep than the increase. This was noted as far back as Hubbert 

(1956), who argued that ña more probable effect of improved recovery will be to reduce 

the rate of decline after the culminationéò. Renshaw (1981) also gives a theoretical 

reason for this. If a single cumulative production sigmoid is instead replaced with, say, 

the sum of 5 sigmoids which represent resources of differing difficulty of extraction, the 

net effect on the summed curve is commonly to slow the rate of decline. That is, harder-

to-extract resources are accessed more slowly and act more to lessen the decline in 

production rather than to postpone the peak.
29

 

 

These data suggest that production profiles tend to be slightly asymmetric, with slower 

rates of decline than rates of increase. Whether this complexity should be included in a 

model of oil depletion depends on the purpose for which a model is being developed and 

the level of detail that is required by such a purpose. This broader issue of model 

complexity is analyzed in Section 7. 

                                                 
28

 Thus, a region that was originally thought to have peaked at 54% depletion of URR might instead later be 

recalculated to have actually peaked at 49% of URR, if URR grows between the first and second estimate. 
29

 Interestingly, Renshaw draws this result from the psychological work of Thurstone in the 1930s on the 

learning function as applied to learning tasks of varying difficulty. 
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4  Systems simulation: resources, discovery  

rates, and technologi es  
Simulation models differ in modeling philosophy from curve-fitting models. Instead of 

fitting a simple pre-defined function to historical data in order to project future 

production, simulation models explicitly represent physical and/or economic mechanisms 

that govern oil discovery and extraction. They then let broader behavior of the oil 

production system (such as the shape of the production profile) emerge from this 

underlying structure.  

 

The simulation approach remedies a key problem of curve-fitting models noted by Taylor 

(1998): ñNo cause-and-effect relationship exists between time and the exploitation of 

crude oil.ò Simulation modelers would argue instead that a complex causal chain 

connects time and oil extraction. Population growth and economic expansion caused 

increased demand for oil. This has induced the oil industry to search for and produce oil. 

Exploration affects our prospects for finding oil in the future by simultaneously 

increasing our knowledge of the subsurface and by removing another oil field from the 

stock of yet-to-find deposits. And all the while, scientific advances in technologies 

ranging from seismography to steel alloys have altered the oil industry immeasurably 

over the last century. 

 

Simulation models attempt to capture some of this causal structure, but they exhibit a 

wide range of complexity. Some are quite simple ñtoy modelsò with a few equations 

governing discovery probabilities and demand growth. Others are built from dozens of 

equations and sub-modules, and are therefore difficult to describe in succinct 

mathematical form.  

 

4.1  Simple  simulations  of exploration  and extraction  
The simplest simulations of the oil finding process are scarcely more complex than 

curve-fitting models. For example, Bardi (2005) built a simple model based on the work 

of Reynolds (1999). Reynolds characterized the resource finding and extraction process 

as the activity of agents searching for resources over a number of model years.
30

 Bardi 

builds on this model, defining the probability of finding unit of resource in a given model 

year t as pr(t): 

 )]([
)(

)( tQQ
Q

tk
tpr -= ¤

¤

 eq. 26 

where k(t) is an ñability factor.ò
31

 In each cycle of the model, the agents consume some of 

their resources to survive and to fuel the search process. Bardi's model includes 

population growth, whereby agents with a surplus of resources can reproduce 

                                                 
30

 In the Reynolds model the agents are shipwrecked islanders, and the resource is defined as tins of 

provisions washed ashore and buried in the sand. 
31

 In the simplest version of the model, k(t) is set to a constant. It can also vary with time, i.e., to increase 

over time due to technological learning. This would therefore increase the probability of finding a unit of 

resource in opposition to the effect of cumulative extraction. 
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(representing economic growth). Agents are removed from the simulation as 

undiscovered resources are depleted and their stock of resource drops to zero.
32

 

 

One version of Bardiôs model
33

 also includes a simple representation of exploration 

technology, multiplying the term exp[-P(t)/L(t)]  by the finding probability pr(t). As P(t) 

increases, this term decreases, representing the exhaustion of known prospects within an 

exploration cycle. Over the long-term, the function L(t) increases, representing the 

progress of technology and reducing the negative impact of this effect on the finding 

rate.
34

 

 

In Bardi's simplest case, the model produces a roughly symmetrical bell-shaped 

production profile [the decline is somewhat steeper than the incline, similar to the 

findings of Reynolds (1999)]. His more complex cases produce exponential-like 

production profiles, with steeper rates of decline than rates of increase. 

 

4.2  Complex simulations of  finding and extraction  
Davis (1958) produced the earliest complex simulation of the oil finding and 

development process.
35

 He linked a series of correlations to project future reserves 

additions based on exploratory effort, and assumed that production in each year is limited 

to a set fraction of reserves. His model iterated through a number of steps in each year. 

By assuming that production is limited to a fraction of existing reserves, Davis essentially 

adopted a depletion formulation similar to that of Wood et al described above (the fixed 

R/P exponential method).  But, instead of this function being constrained by an 

exogenous fixed estimate of URR, it is fully  incorporated into an economic model of 

discovery and production. As reserves continue to be discovered along the constrained 

production path, the sharp peaks of the Wood et al. model do not occur. Davisô model 

predicted a peak and decline in US oil production between 1964-1973. 

 

4.2.1  Syst em dynamics and oil depletion : A  series of 
models  

The simulation approach of Davis (1958) was echoed in later models that used the 

methods of system dynamics to model the extraction and depletion of resources. System 

dynamics models focus on the importance of time, rates of change, and system feedbacks 

as they model the interaction of the many parts of the oil extraction process. While a 

                                                 
32

 Bardi notes that a drawback of this model is that the units of resource are all the same size, clearly a 

simplification given the variation in crude oil deposit size. 
33

 This is Bardiôs model 3, which incorporates explicit ñtechnology factorsò into the success rates. It is not 

clear from the article if this factor is in addition to the ñability factorò k(t), or if this acts in the place of the 

ability factor. 
34

 In the Reynolds model, L(t) is the Hubbert logistic function, in effect hard-wiring the dynamics of the 

Hubbert curve into the finding probability. In the Bardi model, a simpler linear increase in technology as a 

function of time is used. 
35

 This was early in the computing age. The obvious novelty of computer modeling is illustrated by the 

inclusion of an appendix which shows photographic reproductions of punch cards used and gives a 

complete flow chart of equations. It also notes that ñthe running time to calculate and punch approximately 

6,500 output cards for one run is about 4 1/2 hours.ò 



 

UK Energy Research Centre                                        UKERC/WP/TPA/2009/021  

27 

number of these models were developed over the course of the 1970s and 1980s, only a 

few representatives will be discussed (www.hubbertpeak.com 2008).
36

 

 

Naill developed an early system dynamics model of natural gas discovery and production 

(Naill 1973). The model is based around two main state variables: unproven reserves and 

proven reserves (see Figure 11, top). As oil is discovered, it is moved from unproven 

reserves (a fixed quantity defined at the model outset) to proven reserves. As resources 

are consumed, they are removed from proven reserves.  As unproven reserves decrease, 

the cost of exploration increases, reducing the return on investment and therefore the 

incentive for exploration. On the other hand, as proven reserves increase, the R/P ratio 

increases, reducing the oil price and reducing investment in exploration. A reduction in 

price reduces revenue to producing companies, which serves to dampen exploration. This 

feedback serves to stabilize the model. 

 

Figure 11 shows all major causal relationships in the model. An arrow connecting 

quantities represents their interaction, with the sign attached representing the ñpolarityò 

of influence: a positive sign indicates that an increase in one factor leads to an increase in 

the other, while a negative sign indicates the opposite. Loops with an overall positive sign 

represent positive feedbacks, while those with a negative sign represent negative 

feedbacks. 

 

Each causal interaction (arrow in the diagram) is quantified with a graphical correlation, 

mathematical function, or small group of functions. For example, the correlation between 

unproven reserves and the cost of exploration is shown in Figure 12. The resulting 

                                                 
36

 These models had their roots in the MIT System Dynamics Group, which produced the World3 model for 

the Club of Rome, the basis of the book The Limits to Growth and its successors (Meadows, Randers et al. 

2004). These models included the Naill natural gas model as described below, its extension to the larger 

energy system called COAL1, later modifications COAL2, and FOSSIL1. FOSSIL2 was later developed by 

Naill and others at the US Department of Energy (DOE). FOSSIL2 has been improved and renamed 

IDEAS and is still maintained for the DOE (www.hubbertpeak.com 2008). 

 
Figure 11. Causal-loop diagram showing all major relationships in Naillôs (1973) model of natural 

gas exploration and production. Loop 1 represents the finding loop, while Loop 2 represents the 

extraction loop. 
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production profile from Naillôs baseline run is shown in Figure 13. Note that production 

(ñusage rateò) drops precipitously from the peak, resulting in much steeper decline rates 

than have been observed empirically. Also, note that the rate of production drops more 

quickly than the level of reserves. This causes a spike in the R/P ratio after the production 

peak (not plotted in this figure), which has not been empirically observed to this authorôs 

knowledge.
37

 

 

Later extensions to the system dynamics models of resource depletion were made by 

Sterman and others (Sterman 1983; Sterman and Richardson 1985; Sterman, Richardson 

et al. 1988; Davidsen, Sterman et al. 1990). These models included investment in 

technology, imports, and synthetic fuels. The complexity of these models is evident in the 

exploration portion of the Davidsen et al. model, shown in Figure 14. This more complex 

causal loop is functionally analogous to Loop 1 in Naillôs model. Note that undiscovered 

                                                 
37

 In the case of the United States, the R/P ratio has undergone a relatively smooth decline from about 18 

years to about 10 years from 1918 to 1994, with no increase after peak production in 1970 (McCabe 1998). 

 
Figure 12. Relationship between fraction of resources remaining to be discovered (FURR) and the 

cost of exploration (COE) in Naillôs model, corresponding to relationship between unproven 

reserves and extraction cost shown in upper-left corner of Figure 11. 

 

 
Figure 13. Natural gas production (labeled ñusage rateò), proven reserves, unproven reserves, 

and discovery rate from Naillôs model of natural gas exploration and extraction (Naill 1973). 

 




































































































